Introduction
Let A be a linear space and A a * -algebra contained in A. We say that A is a quasi * -algebra with distinguished * -algebra A (or, simply, over A ) if (i) the right and left multiplications of an element of A and an element of A are always defined and linear; and (ii) an involution * (which extends the involution of A ) is defined in A with the property (AB) * = B * A * whenever the multiplication is defined. Quasi *-algebras [1, 2] arise in natural way as completions of locally convex *-algebras whose multiplication is not jointly continuous; in this case one has to deal with topological quasi * -algebras. A quasi * -algebra (A, A ) is called topological if a locally convex topology τ on A is given such that: In a topological quasi *-algebra the associative law holds in the following two formulations
A(BC) = (AB)C; B(AC) = (BA)C ∀A ∈ A, ∀B, C ∈ A 0
Let (X, µ) be a measure space with µ a Borel measure on the locally compact Hausdorff space X. As usual, we denote by L p (X, dµ) (or simply, L p (X) if no confusion is possible) the Banach space of all (equivalence classes of) measurable functions f : X −→ C such that
We denote with C 0 (X) the C*-algebra of continuous functions vanishing at infinity. The pair (L p (X, µ), C 0 (X)) provides the basic commutative example of topological quasi * -algebra. From now on, we assume that µ is a positive measure.
In a previous paper [3] we introduced a particular class of topological quasi * -algebras, called CQ*-algebras. The definition we will give here is not the general one, but it is exactly what we need in the commutative case which we will consider in this paper.
A CQ*-algebra is a topological quasi (i) A 0 is a C*-algebra with respect to the norm 0 and the involution *. (ii) A is a Banach space with respect to the norm and
It is shown in [3] that the completion of any C*-algebra (A 0 , 0 ) with respect to a weaker norm 1 satisfying
is a CQ*-algebra in the sense discussed above. [4] . Let µ be a measure in a non-empty point set X and M + be the collection of all the positive µ−measurable functions. Suppose that to each
This is the reason why both (L
, we call ρ a function norm. Let us define L ρ as the set of all µ − measurable functions such that ρ(f ) < ∞. The space L ρ is a Banach space, that is it is complete, with respect to the norm f ≡ ρ(|f |). If the function norm ρ satisfies the additional condition
then the completion of C 0 (X) with respect to this norm is an abelian CQ*-algebra over
In this paper we will discuss some structure properties of (L p (X, µ), C 0 (X)) as a CQ*-algebra. In Section 2, in particular, we will study a certain class of positive sesquilinear forms on (L p (X, µ), C 0 (X)) which lead, in rather natural way, to a definition of *-semisimplicity. As is shown in [5] , *-semisimple CQ*-algebras behave nicely and for them a refinement of the algebraic structure of quasi * -algebra to a partial *-algebra [6, 7] is possible. The abelian case is discussed in Section 3. 
Proof. Let us consider the linear operator T g defined in the following way:
−→ h; this implies the existence of a subsequence f n k such that f n k −→ f a.e. in X and so 
. Thus, the set 
Remark 2.2.
For r = 1 and µ(X) not necessarily finite, the above statement can also be found in [4, 8] . Using this fact, with the same technique as above, the statement of Lemma 2.1 can be extended to the case µ(X) = ∞. Our proof involves functional aspects of L p -spaces so we think is worth giving it.
Definition 2.3. Let (A, A 0 ) be a CQ*-algebra. We denote as S(A) the set of sesquilinear forms Ω on A × A with the following properties
From now on, we will only consider the case of compact X (in this case we denote as C(X) the C*-algebra of continuous functions on X) and we will focus our attention on the question whether (L p (X), C(X)), is or is not *-semisimple. To this aim, we need first to describe the set
In what follows we will often use the following fact, which we state as a lemma for reader's convenience.
For shortness, we put (if p = 2, we set
where T is a bounded linear operator from L [9, §40] . From (ii) of Definition 2.3 and from Eqn. (2) it follows easily that
. Making use of Lemma 2.4 it is also easy to check that ψ p/(p−2) ≤ 1.
(2) Let now 1 ≤ p < 2 and ψ = 0. Since ψ ≥ 0, we can choose α > 0 in such a way that the set
(Y ) (such a function always exists because of the assumption on p). Now definẽ
and this is a contradiction.
Remark 2.7. From the above representation theorem, it follows easily that if Ω ∈ S(L
This is achieved by setting
Positive sesquilinear forms which are normalized (in the sense that Ω(I, I) = I ) could be expected to play, in this framework, the same role as states on a C*-algebra. Indeed, for such an Ω we have Proof. The sesquilinear form
2/p and so we must have
On the other hand, since ψ ∈ B p + , using the inequality
We will now prove that there exists only one ψ satisfying both (3) and (4). To show this, let us define on X a new measure ν by ν(
for any µ-measurable set Y ⊆ X; then ν(X) = 1 and
where r,ν denotes the L r -norm with respect to the measure ν. From this it follows [8] that ψ is constant ν-a.e. It is then easy to prove that ψ(x) = µ(X)
We notice that a statement analogous to Proposition 2.9 does not hold for C*-algebras where the set of states is, in general, quite rich. In [5] we have introduced some norms on a semisimple CQ*-algebra which play an interesting role. Their definitions in the case of (L p (X, µ), C(X)) reads as follows
and
Proof. To prove the equality f α = f p , it is enough recalling that, as shown in the proof of Proposition 2.8, there exists a sesquilinear formΩ such thatΩ(f,
p . The converse inequality follows from (iii) of Definition 2.3. By Proposition 2.6 we get
On the other hand, for f ≥ 0 we get
Apart from A 0 , a *-semisimple CQ*-algebra has another distinguished subset, denoted as A γ which play an interesting role for what concerns the functional calculus and representations in Hilbert space. We give here the definition in the case A = L p (X) with p ≥ 2. The general definition is an obvious extension of this one. We denote as
it turns out that
where u(x) = 1 ∀x ∈ X.
Proof. From the previous discussion and from Proposition 2.6, it follows that f ∈ (L p (X)) γ if, and only if,
This means that there exists a constant C > 0 such that
+ . This implies that the above inequality also holds for all posi-
(X) and it is bounded with respect to
∞ (the latter equality follows from the C*-nature of L ∞ (X)). Moreover, the Hahn-Banach theorem, used to extend
The role of (L p (X)) γ will be clearer if we consider the GNS-construction of an abstract CQ*-algebra (A, A 0 ) obtained via a sesquilinear form Ω in S(A). This problem was, from a general point of view, considered in [3] . We will give here a simplified version of the GNS-construction which is closer to that proved in [7] for general partial *-algebras. Let (A, A 0 ) be a CQ*-algebra and Ω a positive sesquilinear form in S(A). Let K = {A ∈ A : Ω(A, A) = 0}. Let us consider the linear space A/K; an element of this set will be denoted as λ Ω (A), A ∈ A. Clearly, A/K = λ Ω (A) is a pre-Hilbert space with respect to the scalar product (λ Ω (A), λ Ω (B)) = Ω (A, B) , A, B ∈ A. We denote by H Ω the Hilbert space obtained by the completion of λ Ω (A). Then Ω is invariant in the sense of [7] . This means, in this case, that Ω satisfies condition (ii) of Definition 2.3 and that λ Ω (A 0 ) is dense in H Ω . Indeed, let λ Ω (A) ∈ λ Ω (A) and let {A n } be a sequence in A 0 converging to A in the norm of A. Then from [6, 7] . The map A → π Ω (A) is a *-representation of partial *-algebras in the sense of [7] . We define now the following set:
then Ω is admissible in the sense of [3] . 
for f ∈ L p (X). A proof analogous to that of Proposition 2.12 shows that, in this case, We conclude this Section by showing that each *-semisimple abelian CQ*-algebra, can be thought as CQ*-algebras of functions.
Let X be a compact Hausdorff space and M = {µ α ; α ∈ I} be a family of Borel measures on X. Let us assume that there exists C > 0 such that µ α (X) ≤ C ∀α ∈ I. Let us denote by p,α the norm in L p (X, µ α ) and define, for φ ∈ C(X)
is finite on C(X) and really defines a norm on C(X) satisfying
It is obvious that L 
Proof. Define first Φ on A 0 as the usual Gel'fand transform
where X is the space of characters of A 0 .
As is known, the Gel'fand transform is an isometric *-isomorphism of A 0 onto C(X). The proof of (ii), (iii) and (iv) is straightforward. Now if A is regular, from the above discussion it follows immediately that Φ is an isometry. We conclude by proving that in this case Φ is onto. LetÂ be an element of L 2 S(A) (X, M). Then there exists a sequence {Â n } ⊂ C(X) converging toÂ with respect to 2,S(A) . Then the corresponding sequence {A n } ⊂ A 0 converges to A in the norm of A, since Φ is an isometry.
The partial multiplication
In this final Section, we will discuss the possibility of refining the multiplication structure of L p -spaces. Actually, we will show that L 
